In this note the logarithmic energy problem with external potential |z| 2n + tz d +tz d is considered in the complex plane, where n and d are positive integers satisfying d ≤ 2n. Exploiting the discrete rotational invariance of the potential, a simple symmetry reduction procedure is used to calculate the equilibrium measure for all admissible values of n, d and t.
Introduction
The logarithmic energy problem with external potential V (z) in the complex plane amounts to finding the minimizer of the electrostatic energy functional I V (µ) = log 1 |z − w| dµ(z)dµ(w) + V (z)dµ(z) (1) in the space of probability measures in C. Following [13] , we say that V : C → (−∞, ∞] is an admissible potential if it is lower semi-continuous, the set {z : V (z) < ∞} is of positive capacity and V (z) − log |z| → ∞ as z → ∞ .
As shown in [13] , for an admissible potential V there exists a unique measure µ = µ V that minimizes the functional I V , referred to as the equilibrium measure corresponding to V . Moreover, µ V is the unique compactly supported measure of finite logarithmic energy for which the variational conditions V (z) + 2 log 1 |z − w| dµ(w) = F z ∈ supp(µ) quasi-everywhere (3)
V (z) + 2 log 1 |z − w| dµ(w) ≥ F z ∈ C quasi-everywhere (4) are valid for some constant F (a property is said to hold quasi-everywhere on a set S if it is valid at all points of S minus a set of zero logarithmic capacity).
The equilibrium measure plays a fundamental role in the asymptotic questions of weighted approximation theory [13] ; it also appears naturally in the context of hermitian and normal matrix models with unitary invariant probability measures (see [10, 5, 14, 4, 7, 9, 2, 1] and references therein).
The aim of this paper is to find the equilibrium measure for the potentials of the special form
where n and d are positive integers with 2n ≥ d, T > 0 and
It is easy to see that these potentials are admissible. Moreover, these functions are invariant under the group of discrete rotations of order d:
It is natural to expect that the corresponding equilibrium measure is invariant under the same group of symmetries, which motivates the following construction.
Definition 1. For a fixed positive integer d and a Borel probability measure µ the associated d-fold rotated measure µ (d) is defined to be
where the kth summand is given by
for any Borel set B ⊆ C, where
and
Remark.
Lemma 1. If the admissible potential V (z) can be written in terms of another admissible potential Q(z) as
for some positive integer d, then the equilibrium measure for V is given by the d-fold rotated equilibrium measure of Q, i.e.,
The proof of this simple fact is given in Sec. 2. As a corollary, the problem of finding the equilibrium measure for the class (5) reduces to the study of the following family of potentials:
By differentiating (3) it is easy to find the density of µ Q with respect to the Lebesgue measure dA in the complex plane as
where K = supp(µ Q ) and χ K stands for the characteristic function of K.
The support set K will be expressed in terms of its exterior uniformizing map
analytic and univalent for |u| > 1 and fixed by the asymptotic behaviour
where r is real and positive, called the conformal radius of K. Figure 2 . Illustration of the exterior conformal map
Remark. If the support K of the measure µ contains z = 0 and it is given by exterior uniformizing map
which is well-defined, univalent in |u| > 1 and normalized according to (17).
Remark. The solution for the special cases d = n and d = 2n are well-known. For d = n the reduced potential is
and therefore the equilibrium measure is the normalized area measure on the disk
with exterior conformal map
For d = 2n we have
which is just a re-parametrization of the well-known casẽ
The equilibrium measure forQ is the normalized area measure on an ellipse with exterior conformal map [3, 14, 5] f
By applying Lemma 1 forQ → Q we get that the uniformizing map for the support of µ Q is
Given the admissibility condition |t| < 1 2 it is easy to see that f (u) is univalent in |u| > 1. Our main result is summarized by the following theorem and its immediate corollary. Theorem 1. Let 0 < d < n or n < d < 2n, and define the critical value of the parameter t as
The equilibrium measure for the potential
is absolutely continuous with respect to the area measure with density
and its support K is simply connected. The exterior uniformizing map of K is of the form
where r = r(t) and α = α(t) are given as follows:
• Pre-critical case 0 < |t| < t cr :
The radius r = r(t) is a particular solution of the equation
1. For 0 < d < n, (32) has two distinct positive solutions
such that r − (0) = 0 and r + (0) = T n d 2n and r − (t cr ) = r + (t cr ). The conformal map corresponds to the choice r = r + (t).
2. For n < d < 2n, (32) has a unique positive solution r = r(t).
The value of the parameter α is given in terms of r as
• Critical case |t| = t cr :
The parameters r and α are given explicitly by
• Post-critical case |t| > t cr :
and α = −t |t|
Remark. It is easy to check that the parameters r = r(t) and α = α(t) are continuous in t. Hence the conformal map, as a function of t, is also continuous:
For |t| < t cr the point z = 0 belongs to the support of the equilibrium measure and at |t| = t cr the origin is on the boundary of the support.
A straightforward application of Lemma 1 to the potential Q(z) in Theorem 1 yields the
is given by µ
Q , the d-fold rotated equilibrium measure of Q given above. More precisely, µ V is absolutely continuous with respect to the area measure with density
and the support set C of µ V can be described as follows:
• For |t| ≤ t cr , C is simply connected and it is given by the exterior conformal map
where r and α are given in Theorem 1.
• For |t| > t cr , C has d disjoint simply connected components and their boundary is parametrized by
where u lies on the unit circle and the factor
is defined with some suitably defined branch cuts on |u| ≥ 1, with r and α given in Theorem 1.
Note that the equilibrium problem for the class of potentials considered in the present paper was studied in [7] using conformal mapping techniques. Their method is based on a singularity correspondence result originating in the works of Richardson [12] and Gustafsson [8] and developed further by Entov and Etingof in [6] . Etingof and Ma obtained the functional form of the exterior conformal map for small values of |t| only relying on a pertubative approach.
As an original contribution, we find the critical value of the parameter t where the pre-critical form of the conformal map (31) breaks down and we obtain the post-critical form of f (u) above. We prove explicitly that the variational inequalities (3) and (4) hold for all admissible values of the parameters for the reduced potentials (14) . The analogous results for the class of potentials (5) are obtained by applying the symmetry reduction described above.
The paper is organized as follows: in Section 2 the necessary preliminaries on discrete rotational symmetries and the proof of Lemma 1 are given. In Section 3 we give a short survey of the EntovEtingof singularity correspondence that we need to construct the conformal maps. In the following sections we develop the proof of Theorem 1: in Section 4 we find the structure of the parametrizing conformal maps, in Sections 5 and 6 the critical value t cr is calculated and the equations for the parameters of the pre-and post-critical conformal map are given. In Section 7 we conclude the proof of the theorem showing that the variational inequalities (3) and (4) hold.
Discrete rotational symmetries
The logarithmic potential and the Cauchy transform of a measure µ are defined as
respectively.
and the Cauchy transform
Proof.
Since
We have that
The equation involving the Cauchy transforms can be proved similarly.
Q.E.D. Proof of Lemma 1. Let µ Q be the equilibrium measure of the admissible potential Q(z), which is uniquely characterized by the following variational inequalities for some constant F :
Therefore
Using the previous proposition with µ = µ
Q , we find that
where
This is enough to prove that
Singularity correspondence
We briefly recall the method developed by Entov and Etingof in [6] based on the singularity correspondence of Richardson [12] and Gustafsson [8] to find the functional form of the exterior uniformizing map of the support of the equilibrium measure. To this end, consider a polynomial perturbation of a radially symmetric potential of the form
where W (x) is a real-valued twice continuously differentiable function on (0, ∞) and P (z) is a polynomial of degree m such that the potential V (z) is admissible. We seek the equilibrium measure in the form
and we assume that K is simply connected and ∂K is a Jordan curve with interior and exterior D + and D − respectively. For any z ∈ D + we have
by Stokes' Theorem. Consider the Sokhotsky-Plemelj decomposition
with
holomorphic in D ± respectively and ϕ − (z) → 0 for z → ∞. From (62),
By the variational equality (4) the effective potential
is constant on K and therefore its ∂ z -derivative gives, by (44) and (65),
This equation determines the shape of K through its external conformal map, as shown below.
In what follows, we assume that the uniformizing map z = f (u) extends continuously to the boundary |u| = 1. The Sokhotsky-Plemelj decomposition (63) implies the identity
on the unit circle of the u-plane. Given that
multiplying both sides by f (u) and rearranging gives that
The main idea of the singularity correspondence is that since f (u)ϕ − (f (u)) is holomorphic outside the unit circle |u| = 1, the l.h.s of (70), seen as a function on the unit circle, possesses an analytic continuation outside the unit disk of the u-plane. Therefore the analytic continuations of the functions f (u)ϕ + (f (u)) and H(u) have the same singularities in the exterior of the unit disk on the u-plane. Since f (u) is a univalent uniformizing map, the singularities of zϕ + (z) in D − are in one-to-one correspondence with the singularities of f (u)ϕ + (f (u)) in |u| > 1 through the mapping f . This establishes a 1 − 1 correspondence between the singularities of zϕ + (z) in D − and H(u) in |u| > 1. In particular, H(u) has a pole of order k at u = u 0 in |u| > 1 if and only if zϕ + (z) has a pole of order k at z 0 = f (u 0 ).
Since zϕ + (z) = zP (z) is a polynomial of degree m, it only has a pole of order m at z = ∞, and hence the only singularity of H(u) in |u| > 1 is a pole of order m at u = ∞. Since
H(u) is real on the unit circle and it can be analytically continued using the Schwarz reflection principle:H
ThereforeH(u) is a Laurent polynomial of degree m which is real-valued and positive on the unit circle. By the Fejér-Riesz Lemma, there exists a polynomial R(u) of degree m with zeroes inside the unit disk such that
The conformal map
Now we specialize to the class of potentials (14), where
It is important to distinguish between two different regimes corresponding to small values of |t| and large values of |t|. If |t| is small enough we expect that z = 0 belongs to the support K since the equilibrium measure for t = 0 is supported on a disk centered at the origin. For large |t|, however, the constant field coming from the perturbative term tz +tz becomes strong enough so that the equilibrium domain separates from the origin. We expect a critical transition when z ∈ ∂K that will affect the functional form of the conformal map. Hence the cases 0 ∈ K and 0 ∈ C \ K are referred to as pre-critical and post-critical, respectively.
Pre-critical case
Following [7] , we seek the conformal map in the form
where g is holomorphic in |u| > 1 with
since z = 0 is assumed to belong to K. The singularity correspondence (74) implies that
for some linear polynomial R(u) and therefore
The polynomial R is parametrized as
where |α| ≤ 1 is an unknown parameter, to be determined from the data. Therefore g is of the form
and hence
To find the equlibrium support we have to determine the correct values of the parameters r and α.
Post-critical case
If the z = 0 is outside K then f (u) must have a zero in |u| > 1. To make sense of (79), the ansatz presented in [7] needs to be modified to account for the vanishing of the conformal map at, say, u = β. This can be done by introducing a Blaschke factor, i.e.,
that leaves the unit circle of the u-plane invariant and swaps the interior and the exterior. This function can be factored into the proposed form of the conformal map:
Then
and therefore nr
where |α| < 1 is unknown. The function g is again
where the parameters r, α and β are to be determined from the data.
Remark. It is to be checked that these functions are univalent maps outside the unit circle: for this we refer to Appendix A.
Equations for the parameters in the pre-critical case
In this section we take a conformal map of the form (83) as an ansatz and derive equations for the parameters r and α. The analysis of these equations allows to find the critical value |t| = t cr for which the condition |α| < 1 is no longer satisfied; it will be shown that the value |t| = t cr separates the pre-and post-critical cases. Total mass condition.
In the calculation above we assumed that |α| < 1. In the chosen normalization of the energy problem the equilibrium measure µ Q is a probability measure, and this gives the following equation in r and the modulus of α: r
Deformation condition. From (71) we can compute
Since we know ϕ + from (67), by using (70) and the previous asympotic behaviour we can obtain
Comparison of (98) with (67) gives the second equation
Combining (96) and (100) gives the equation
for the conformal radius r as a function of t. It can be shown (see Appendix B) that (101) has a unique positive solution r = r 0 such that
Equations (101) and (100) are what we need to characterize all the parameters in the pre-critical case.
Equations for the parameters for the post-critical case
For |t| > t cr we take the modified form of the conformal map (91) that allows the description of the support that does not contain the point z = 0. As shown below, there are two equations for the three unknowns r, α and β which are insufficient to characterize the conformal map. However, the uniqueness of the equilibrium measure implies that there is only one choice of the parameters which corresponds to this unique measure. In the next section to resolve this selection problem we make an ansatz on the value of β for which the corresponding measure satisfies not only the total mass and the deformation equations but also the variational inequalities. Total mass condition. Now the total mass of the measure is given by
This gives the following equation on r and the modulus of α:
Deformation condition. Now
and therefore, applying the same comparison as in the pre-critical case we get
(107)
This implies, by (67), that
Equations (105) and (109) are not enough to determine all the parameters. To bypass this difficulty we make an ansatz on the parameter β and later on we will justify that the choice made is correct.
Ansatz on β and the parameters of the conformal map
To get an idea what the value of β should be, it is natural, at first, to look at the case d = n. As we have seen above, the corresponding conformal map is linear for all values of t:
The post-critical form (91) of the conformal map gives
which is linear if and only if β = 1 α . This suggests to make the following ansatz:
With this assumption, the total mass and deformation conditions assume the following form:
Proposition 2. Assuming |t| > t cr , the following explicit formulae hold:
Moreover, the condition |α| < 1 is satisfied for all |t| > t cr .
Proof. From Eq. (114) we obtain
which, with equation (113) gives the explicit form for r and α above. The condition
rewritten in terms of |t| is equivalent to
i.e., |α| < 1 is always satisfied in the post-critical regime |t| > t cr .
Q.E.D.
Variational inequalities
Now we are ready to conclude the proof the main result of this paper. According to Prop. 3, for 0 < |t| < t cr a conformal map of the form (83) satisfies the assertions of the theorem. The complementary result Prop. 2 shows that for |t| > t cr the ansatz (91) with β = 1 α leads to a system of equations for the parameters that have a solution with the stated properties.
To conlude the proof we need to show that the variational inequality (4) holds in both cases for the proposed measures.
We have
This is identically zero on ∂K. Since E(z) = F on the boundary of K and
the effective potential can go below the value
Therefore to prove the variational inequality (4) it is sufficient to show that the derivative does not have any critical points in D − . To this end, it is enough to show that (122) is never satisfied, i.e., in terms of the uniformizing coordinate u,
Pre-critical case.
Since |α| < 1, this expression vanishes for some u with |u| > 1 only if
which implies that
This is impossible since
Post-critical case. Here the derivative of the effective potential is
Since |α| < 1, this may vanish for some u in the exterior of the unit disk only if
which implies
As a consequence we have
and thus |u| = 1, a contradiction. The variational inequality is hence satisfied in both cases and this concludes the proof of the assertions of Theorem 1.
So we just need to prove that the image of unit circle has no self-intersections, i.e. f (u) = f (v) iff u = v. We first look for the points u = e iµ and v = e iν such that |f (u)| = |f (v)|:
cos(µ) = cos(ν) .
Thus |f (e iµ )| = |f (e iν )| iff ν = ±µ. Now we just need to show that f (e iµ ) = f (e −iµ ) for µ = kπ.
The l.h.s. and the r.h.s. are complex conjugates, so this equation has solution iff the image of e iµ through the map
is real. Let us change the variable y := 1 − |α|e −iµ : since |α| < 1, y is contained in the unit disk centered at 1, which is contained in the half plane (y) > 0. In terms of y, (148) assumes the simple form
The map w = y 
Thus, since − π 2 < λ < π 2 , the previous number is real iff λ = 0, i.e. y ∈ R. This implies that 1 − |α|e −iµ ∈ R, but this can happen iff µ = kπ. Therefore Lemma 2 gives that the post-critical map f (u) is univalent in |u| > 1. for the conformal radius r as a function of t. We need to show that (101) has a unique positive solution r = r 0 such that
B Analysis of the equation for the conformal radius
or equivalently
Solving the critical equation |α| = 1 and using (101) we can obtain the critical values t cr and r cr := r(t cr ) given by
Clearly the formulae above make sense only for d = n and d = 2n. However, these cases are trivial so we can restrict ourselves to the study of the cases 0 < d < n and n < d < 2n.
Proposition 3. Assume that |t| < t cr .
• For 0 < d < n, Eq. .
With the choice r = r + (|t|) the inequality (151) is satisfied whereas the other solution r = r − (|t|) is not compatible with (151).
• For n < d < 2n Eq. (101) has a unique positive solution r 0 (|t|) that is compatible with the inequality (151). 
and y(r) has a unique minimum at
